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Abstract
An atmosphere may be described as globally super-rotating if its total zonal angular momentum exceeds that
associated with solid-body co-rotation with the underlying planet. In this paper, we discuss the dependence of global
super-rotation in terrestrial atmospheres on planetary rotation rate. This dependence is revealed through analysis
of global super-rotation in idealised General Circulation Model experiments with time-independent axisymmetric
forcing, compared with estimates for global super-rotation in Solar System atmospheres. Axisymmetric and three-
dimensional experiments are conducted. We find that the degree of global super-rotation in the three-dimensional
experiments is closely related to that of the axisymmetric experiments, with some differences in detail. A scaling
theory for global super-rotation in an axisymmetric atmosphere is derived from the Held–Hou model. At high
rotation rate, our numerical experiments inhabit a regime where global super-rotation scales geostrophically, and
we suggest that the Earth and Mars occupy this regime. At low rotation rate, our experiments occupy a regime
determined by angular momentum conservation, where global super-rotation is independent of rotation rate. Global
super-rotation in our experiments saturates at a value significantly lower than that achieved in the atmospheres of
Venus and Titan, which instead occupy a regime where global super-rotation scales cyclostrophically. This regime
can only be accessed when eddy induced up-gradient angular momentum transport is sufficiently large, which is not
the case in our idealised numerical experiments. We suggest that the ‘default’ regime for a slowly rotating planet is
the angular momentum conserving regime, characterised by mild global (and local) super-rotation.
1 Introduction
Super-rotation is a phenomenon in atmospheric dy-
namics where the axial angular momentum of an atmo-
sphere in someway exceeds that of the underlying planet.
The magnitude of super-rotation in a planetary atmo-
sphere may be quantified through two ‘super-rotation
indices’ (Read, 1986a,b; Read and Lebonnois, 2018),
S ≡
∫
ρm dV∫
ρΩa2 cos2 ϑ dV
− 1, (1)
and
s ≡ m
Ωa2
− 1, (2)
defined in terms of the axial component of specific
angular momentum
m = a cos ϑ (Ωa cos ϑ + u) . (3)
dV = a2 cos ϑ dλ dϑ dz is an element of volume, and
ϑ, λ, and z are the latitude, longitude, and geometric
height coordinates, respectively. u is the zonal wind
velocity, and ρ is the density. a is the planetary radius,
and Ω is the planetary rotation rate.
Throughout this manuscript, S will be referred to as
the global super-rotation index, and s the local super-
rotation index. S and s are defined so that S = 0 and
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s ≤ 0 for an atmosphere in solid-body co-rotation with
the underlying planet. It is important to note that S and
s are distinct, and that S is not simply the mass-weighted
integral of s over the volume of the atmosphere. The
relationship between S and s is discussed further in
Appendix A.
S measures the mass-weighted global integral of m
relative to a state of solid-body co-rotation with the
underlying planet (where u = 0 everywhere). If S > 0,
then the atmosphere has more zonal angular momentum
than if it were co-rotating with the planetary surface,
and may be termed ‘globally’ super-rotating. The
requirement for S > 0 is simply that the mass-weighted
integral of u × a cos ϑ (that is, the relative, or ‘windy’
contribution to m) is positive.
s compares m at a given location with the value
it would have if a parcel of air, initially at rest, was
transported there from the equator whilst conserving
its angular momentum. s > 0 indicates ‘local’ super-
rotation, and at the equator is achieved when u > 0.
A maximum of angular momentum located off of the
equator will typically be inertially unstable (Rayleigh,
1917; Dunkerton, 1981), and thus the existence of
local super-rotation anywhere in an atmosphere tends
to imply that there is local super-rotation at the equator
(equatorial super-rotation).
In this work, we will focus on global super-rotation.
Our aim is to investigate the dependence of global super-
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rotation on planetary rotation rate. We will explore this
dependence in an idealisedEarth-like general circulation
model (GCM), with a similar configuration to that of
Held and Suarez (1994).
The rest of this work is structured as follows. In
Section 2 we describe some constraints that may be
placed onm, and by extension s and S, for the case of an
axisymmetric atmosphere. In Section 3 we summarise
observations of super-rotation in Solar System atmo-
spheres, and previous investigations of super-rotation
conducted using numerical models. Using this material
as motivation, we then proceed to conduct our investi-
gation. Our model configuration and experiment design
is described in Section 4. The results of our numerical
simulations are presented in Section 5 and Section 6. Re-
sults will be presented from both three-dimensional and
axisymmetric experiments. In Section 7 we explore the
role of non-axisymmetric disturbances in modifying the
degree of global super-rotation in the three-dimensional
experiments from that of the axisymmetric experiments.
In Section 8 we present a scaling theory for S in the
axisymmetric case, obtained by appealing to the ax-
isymmetric model of Held and Hou (1980). In Section 9
we interpret estimates of S for Solar System terrestrial
atmospheres within the context of both our numerical
results, and theoretical predictions for S. In Section 10
we summarise our findings.
2 Constraints on super-rotation strength
2.1 Hide’s theorem
The zonally-averaged zonal momentum equation
in pressure coordinates may be written (Vallis, 2017,
Chapter 14)
∂u
∂t
+
(
1
a cos ϑ
∂u cos ϑ
∂ϑ
− f
)
v + ω
∂u
∂p
(4)
= − 1
a cos2 ϑ
∂
∂ϑ
(
u′v ′ cos2 ϑ
)
− ∂u
′ω′
∂p
( +V ) ,
where u and v are the zonal and meridional wind ve-
locities, respectively, and ω = Dp/Dt is the pressure
vertical velocity. f = 2Ω sin ϑ is the Coriolis parame-
ter, and the bracketedV represents the possible effects
of viscous friction. An overbar indicates an average
over longitude (zonal average), and a prime indicates a
deviation from the zonal average:
X ≡ 1
2pi
∫ 2pi
0
X dλ ; X ′ ≡ X − X . (5)
The zonally-averaged zonal momentum equation (4)
may be re-written in terms of m
Dm
Dt
= − 1
cos ϑ
∂
∂ϑ
(
m′v ′ cos ϑ
)
− ∂m
′ω′
∂p
(+V ) . (6)
If the atmosphere is axisymmetric (X = X), and addi-
tionally inviscid, then (6) reduces to
Dm
Dt
= 0, (7)
i.e., the specific zonal angular momentum of any given
air mass is materially conserved. There is nomechanism
for up-gradient transport of m acting in the atmosphere,
and thus it may not locally super-rotate unless it is
initialised as such. This result was first presented by
Hide (1969), and is often referred to as Hide’s theorem
[e.g. Vallis (2017); Read and Lebonnois (2018)].
Generalising to an axisymmetric, but viscous atmo-
sphere (i.e. V , 0), Read (1986b) notes that molecu-
lar viscosity, which acts towards an end-point of uni-
form angular velocity, can transport angular momentum
up-gradient, and so in principle could generate local
super-rotation. In practise, typical molecular viscosity
coefficients for gases are far too small to balance the
down-gradient transport of m by advection. A corollary
that may be drawn here is that in the absence of an un-
physically large molecular viscosity, non-axisymmetric
disturbances that act to transport m up-gradient are re-
quired for the existence of a region where s > 0, that is,
a region that is locally super-rotating (assuming that no
region where s > 0 is present in the initial condition).
2.2 Implication of Hide’s theorem for global super-
rotation
Consider the case of an axisymmetric atmosphere,
initiated from rest. Suppose that differential heating
between the equator and the pole establishes a merid-
ional overturning (Hadley) circulation that extends to
some latitude ϑH, and that poleward of ϑH there is an
extra-tropical regionwithin which there is nomeridional
motion (v = 0). Near the surface, friction is important
and will act to restore the surface wind to a state of
co-rotation with the underlying planet, so that u ≈ 0.
The described circulation is sketched in Figure 1.
In the overturning cell, parcels of air equilibratedwith
the surface rise at the equator, with m = Ωa2. Once in
the free atmosphere, (7) applies to a good approximation,
m is materially conserved and theHadley cell regionwill
be filled with air with m = Ωa2. In the extra-tropical
region, we do not specify the nature of the flow, but
note that Hide’s theorem requires m < Ωa2 (m = Ωa2
would imply that the overturning circulation extends
beyond ϑH). s = 0 within the overturning circulation,
and s < 0 poleward of the overtuning circulation.
The fact that s ≤ 0 everywhere does not constrain S
to be ≤ 0. This may be verified simply by imagining the
case where the overturning cell in Figure 1 extends to
fill the entire domain. In this scenario, m = Ωa2 (s = 0)
everywhere aside from in the narrow boundary layer.
Substitution of this value for m into the definition for S
yields S < 1/2 [if hydrostatic equilibrium is assumed;
this result is easily obtained by substituting s = 0 into
(A6)]. Thus, while an axisymmetric atmosphere may
not permit local super-rotation, it can globally super-
rotate to some degree, at least in principle.
2
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m = ⌦a2
m = ⌦a2
Figure 1: A schematic for the atmospheric circulation in an axisymmetric atmosphere. The atmosphere is divided into a
quiescent boundary layer where u ≈ 0, and the free atmosphere where u , 0. An angular momentum conserving overturning
cell extends to some latitude ϑH, beyond which there is no meridional overturning. The crossed circles indicate the magnitude
of prograde flow aloft.
3 Super-rotation in Solar Systematmospheres and
numerical models
3.1 Super-rotation in the Solar System
The atmospheres of Venus and Titan (the largest
moon of Saturn) provide the clearest manifestations of
both local and global super-rotation in the Solar System.
Equatorial zonal wind velocities in excess of 100ms−1
have been measured in both atmospheres in situ, by the
Pioneer Venus [at Venus; Counselman et al. (1980)], and
Huygens [at Titan; Bird et al. (2005)] descent probes,
implying significant equatorial super-rotation. Read
and Lebonnois (2018) estimate maximum local super-
rotation indices of sV ∼ 65 and sT ∼ 15, respectively for
Venus and Titan. Estimates of the global super-rotation
index for the two planets are SV ∼ 7.7 and ST ∼ 2 (Read
and Lebonnois, 2018). In both cases, planetary scale
equatorial disturbances have been associated with the
acceleration of local super-rotation (Sánchez-Lavega
et al., 2017; Lebonnois et al., 2014), and in the case of
Venus, the semi-diurnal tide is believed to play a major
role (Lebonnois et al., 2010).
Like Venus and Titan, the atmospheres of the Earth
and Mars globally super-rotate, albeit to a much lesser
degree. Read and Lebonnois (2018) estimate global
super-rotation indices of SE ∼ 0.0135 and SM ∼ 0.04
for the Earth and Mars, respectively. S > 0 may
also be inferred for Jupiter and Saturn from latitudinal
zonal velocity profiles [e.g., as measured by the Cassini
mission; Porco et al. (2003, 2005)], if one assumes the
profiles, which show strongly prograde jets alternating
with weakly retrograde jets, to be indicative of the
depth averaged weather-layer zonal velocity. For now,
however, zonal velocity measurements on the two gas
giant planets are too sparse in the vertical to make
a quantitative estimate of their global super-rotation
indices.
Local super-rotation exists in the atmospheres of
Jupiter and Saturn, where westerly equatorial jets are
present with wind speeds around 60ms−1 (Flasar, 1986;
Porco et al., 2003) and 400ms−1 (Porco et al., 2005; del
Genio et al., 2009), respectively, corresponding to local
super-rotation indices sJ ∼ 0.0075 and sS ∼ 0.04 (Read
and Lebonnois, 2018). In spite of similar zonal wind
velocities, local super-rotation on Jupiter and Saturn
is much weaker than on Venus and Titan. Venus and
Titan are smaller than Jupiter and Saturn, and rotate
slower, which reduces the size of the denominator in the
definition for s, making s larger. Transient equatorial
super-rotation exists in the atmospheres of the Earth and
Mars, on Mars during periods of heavy dust-loading,
within which the diurnal tide is amplified (Lewis and
Read, 2003), and on Earth during the westerly phase of
the quasi-biennial oscillation.
3.2 Super-rotation in numerical models with large
external Rossby number
There is now a large body of work that seeks to
understand how atmospheric circulation is sensitive to
key parameters and processes [as detailed in reviews
by Showman et al. (2010), Read (2011), Read et al.
(2018), and Mitchell et al. (2019)]. One observation
to be drawn from this work is that super-rotation may
be a commonly occurring phenomenon in terrestrial2
atmospheres.
Numerical modelling has revealed that the external
thermal Rossby number
R ≡ Rd∆Teq(Ωa)2 (8)
2When used to describe a planetary atmosphere, the term ‘terres-
trial’ refers to a shallow atmosphere above a distinct (solid or liquid)
surface, where friction acts to relax the flow towards co-rotation with
the underlying planet. Here, ‘shallow’ indicates that the effective
vertical extent of an atmosphere is much less than its horizontal extent.
The Earth, Mars, Venus, and Titan are examples of Solar System
bodies that host terrestrial atmospheres.
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is an important determining parameter for super-rotation
strength, where strong super-rotation is associated with
large R [reviewed in Read and Lebonnois (2018)]. In
(8), Rd is the specific gas constant for dry air, and ∆Teq
is the mean radiative equilibrium equator-to-pole tem-
perature contrast. The dependence of super-rotation
strength on R has been investigated using idealised
three-dimensional (non-axisymmetric) GCMs, and fur-
ther idealised two-dimensional ‘quasi-axisymmetric’
models, which are zonally-averaged but include some
diffusive parametrisation for eddy momentum transport
which can transport angular momentum up-gradient.
Studying a quasi-axisymmetric model of a rotating
cylindrical fluid annulus, Read (1986a) found that S
scales with Ω−2 at high rotation rate (S ∼R) but satu-
rates (i.e. S = const.) when the rotation rate is made
sufficiently low. In the high rotation rate regime the
zonal velocity scales geostrophically, while in the low-
rotation rate regime the domain is filled with an angular
momentum conserving (overturning) flow (similar to
the scenario described in Section 2.2). Similar be-
haviour has been demonstrated in a quasi-axisymmetric,
Boussinesq model of the atmosphere when the horizon-
tal eddy diffusion coefficient is not made large enough
to overcome the effect of momentum advection by the
overturning circulation (Yamamoto et al., 2009). When
the strength of horizontal eddy diffusion is increased
sufficiently, however, the S = const. regime is replaced
by one where the zonal velocity scales cyclostrophically
and S ∼√R (Yamamoto et al., 2009; Yamamoto and
Yoden, 2013).
Idealised GCM experiments have shown that a terres-
trial atmosphere may be expected to super-rotate at the
equator ‘spontaneously’ when R is made large (R & 1).
This has been achieved either by reducing the planetary
radius (Mitchell and Vallis, 2010; Potter et al., 2014),
or rotation rate (Williams, 2003; Kaspi and Showman,
2015; Laraia and Schneider, 2015; Wang et al., 2018;
Colyer and Vallis, 2019) by a significant factor. The
existence of local super-rotation in these experiments
implies that they are also globally super-rotating (so
long as there is no strong retrograde flow elsewhere in
the domain). None of these studies explicitly calculate
the parameter dependence of S on Ω or R, however.
4 Experiment design
Our aim is to build on the work of Read (1986a),
Yamamoto et al. (2009) and Yamamoto and Yoden
(2013) by studying the parameter dependence of global
super-rotation on planetary rotation rate in a numerical
model that solves the primitive equations on the sphere.
We will present results from axisymmetric and three-
dimensional model configurations. Our main goal will
be to identify possible scaling regimes for S in terms
of Ω, and compare them with those identified in the
studies listed above.
4.1 Numerical model
We make use of Isca, a framework for building ide-
alised general circulation models of varying complexity
(Vallis et al., 2018). Isca is built on-top of the GFDL
(Geophysical Fluid Dynamics Laboratory, Princeton)
primitive equation spectral dynamical core. In the
present work, Isca is configured as a dry-dynamical
core forced by Newtonian cooling to a statically stable
axisymmetric radiative-convective equilibrium temper-
ature profile.
Dynamical core
The dynamical core integrates the primitive equa-
tions forwards in time, using a semi-implicit leap-frog
scheme with a Robert-Asselin time filter. The equations
are solved on a spherical domain using a pseudo-spectral
method in the horizontal (prognostic fields are repre-
sented by a triangular truncation of spherical harmon-
ics), and a finite difference method in the vertical. For
numerical efficiency, and to avoid formulation of vector
fields on the spectral grid, the primitive equations are
solved in terms of the scalar vorticity and divergence.
The vertical coordinate is a terrain-following coordinate,
defined as σl = pl/ps on levels l = 1, 2, . . . , 80. The
levels are evenly spaced in log pressure in the tropo-
sphere, logσ ∝ l, and in the stratosphere the resolution
is enhanced and (logσ)1/k ∝ l (k → 7.5 as σ → 0).
Thermal forcing
The relaxation temperature profile used for the New-
tonian cooling is that described in Wang et al. (2018),
similar to that of Held and Suarez (1994), and is written
T∗ = T∗z (σ) + T∗ϑ(ϑ), (9)
where
T∗z = T
∗
z |tp+
√[
L
2
(
ztp − z
) ]2
+ K2+
L
2
(
ztp − z
)
, (10)
and
T∗ϑ = h(σ)∆T∗h
(
1
3
− sin2 ϑ
)
, (11)
with
h =
{
sin
[
pi
2
(
σ−σtp
1−σtp
)]
, if σ ≥ σtp,
0, otherwise.
(12)
ztp = 12 km is the tropopause height (σtp is the cor-
responding σ level), L = 6.5 Kkm−1 is the vertical
lapse rate, and T∗z |tp = T0 − Lztp is the temperature at
the tropopause, with T0 = 288 K the globally-averaged
surface temperature. ∆T∗
h
= 60K is the equator-to-pole
temperature difference at the surface. K = 2 K is a
smoothing parameter that ensures a continuous tem-
perature change across the tropopause. The radiative
relaxation timescale is 2.5 days in the boundary layer
(σ > 0.8), and 30 days in the free atmosphere.
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Drag and dissipation
A linear drag is applied in the boundary layer, op-
erating on a timescale of 0.6 days, and in the upper-
atmosphere (σ < 0.01, applied to the eddy components
of the flow only), operating on a timescale of 0.5 days.
A hyperviscosity term with damping order n = 4 is
applied to the horizontal momentum, and thermody-
namic equations:
∂ζ
∂t
= · · · + ν∇2nζ, (13)
∂D
∂t
= · · · + ν∇2nD, (14)
∂T
∂t
= · · · + κ∇2nT, (15)
operating on a timescale of 0.25 days at the grid scale. ζ ,
D, and T are the vorticity, divergence, and temperature.
4.2 Description of model runs
We run GCM experiments over a wide range of
rotation rates, from 8ΩE to ΩE/256, where ΩE = 7.29×
10−5 s−1 is the Earth’s rotation rate. All other planetary
parameters are taken to be Earth-like: a = 6.4 × 106m,
g = 9.81ms−1, and globally-averaged surface pressure
p0 = 1 bar.
Three-dimensional experiments are run at both T127
and T42 spectral resolution (corresponding to approx-
imately 1◦ and 2.8◦ lat-lon resolution at the equator,
respectively). T127 experiments are run with rota-
tion rates 8ΩE, 4ΩE, 2ΩE, ΩE, ΩE/4, ΩE/16, and
ΩE/64, and T42 experiments are run for Ω = ΩE/2n
for n ∈ {0, 1, . . . , 8}. Axisymmetric experiments are run
for rotation rates Ω = ΩE/2n for n ∈ {−2,−1, . . . , 7}.
The axisymmetric experiments are constructed by re-
taining only zonal wavenumber m = 0 coefficients in
the spectral dynamical core at each time step, and are
run with the same meridional resolution as the T127
three-dimensional experiments.
Each of the experiments is run to equilibrium, by
which we mean that S is no longer evolving with time.
In order to achieve this, three-dimensional experiments
with Ω ≥ ΩE/4 are run for 3 (Earth) years, the Ω =
ΩE/8 experiment is run for 6 years, and experiments
with Ω ≤ ΩE/16 are run for 8 years. The axisymmetric
experiments are all run for 3 years.
4.3 Data analysis
The 3D model data analysed in this paper is output in
daily-averaged format, and the axisymmetric model data
is output in monthly-averaged format. Isca outputs
data on the σ coordinate vertical grid. We subsequently
interpolate the data onto pressure levels pl = σp0.
Occasionally pl > ps(t, λ, ϑ), in which case the data
is set to NaN (the grid-point being interpolated onto is
below the surface). In order to correctly take account of
these subterranean grid pointswhen computing integrals
and averages, we make use of the techniques described
by Boer (1982).
5 Zonally-averaged circulations
To provide context for the rest of the paper, we begin
the presentation of our experiment results by discussing
some aspects of their zonally-averaged circulations.
Each of the experiments discussed in this section was
run at T127 resolution.
5.1 Zonal wind and meridional overturning
The zonal-mean zonal wind u, and meridional mass
streamfunction
Ψ (ϑ, p) = 2pia cos ϑ
∫ 0
p
v dp/g (16)
are shown in Figure 2 for the 3D (top row) and ax-
isymmetric (bottom row) experiments, over a range of
rotation rates. The zonal-mean zonal wind in the 3D
Ω = ΩE experiment consists of a sub-tropical jet, associ-
atedwith angular momentum conservation in theHadley
cell, and an ‘eddy-driven’ jet, accelerated by Rossby
waves generated by mid-latitude baroclinic instability,
which converge momentum into their source region
(Thompson, 1980). As the rotation rate is increased
to 4ΩE, the number of eddy driven jets increases, as
the characteristic lengthscale of baroclinic instability
decreases (Lee, 2005). At rotation rates ≤ ΩE/4, a
prograde (super-rotating) jet emerges at the equator.
This is associated with planetary-scale tropical distur-
bances which converge momentum towards the equator
(Mitchell and Vallis, 2010), which are generated when
R is increased to an O(1) value (Wang and Mitchell,
2014).
Axisymmetric theory (Held and Hou, 1980) predicts
that the meridional extent of the Hadley circulation
scales inversely with the planetary rotation rate, at high
and moderate (similar to the Earth) rotation rates, before
saturating as the Hadley cell begins to fill the domain at
low rotation rate (Hou, 1984). Concomitantly, as Ω is
reduced the maximum zonal velocity of the sub-tropical
jet (produced by conservation of angular momentum
within the Hadley cell) at first increases, as the jet moves
polewards, before decreasing with Ω in the low rotation
rate limit, when the jet has essentially been pushed
as far polewards as possible (Colyer and Vallis, 2019).
Both of these effects may be seen in the results from
our axisymmetric experiments.
In the non-axisymmetric (3D) experiments, the
Hadley cell width also increases as Ω is decreased,
before saturating at low rotation rates. This is partially
due to the underlying axisymmetric processes described
in the previous paragraph, and also because the merid-
ional extent of the Hadley circulation is limited by
baroclinic instability (Lorenz, 1967). The latitude at
which the angular momentum conserving flow in the
Hadley circulation becomes unstable to baroclinic insta-
bility scales inversely with Ω to some power (Walker
and Schneider, 2006). [Specifically, using a two-layer
quasi-geostropic model Vallis (2017, Chapter 14) de-
rives a Ω−1/2 scaling for the Hadley cell latitude (in the
small-angle approximation, on the β-plane).]
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Figure 2: Zonal-mean zonal wind u (colour), and meridional mass streamfunction Ψ (contours). All experiments shown were
run with T127 horizontal resolution. The rotation rate for each experiment is indicated in the top-left corner of each panel.
Note that the colour scale for u varies between panels. The red cross (and number) indicates the location (and value) where Ψ is
maximum. The maximum value for Ψ has units ×109 kg s−1. For the 4ΩE, ΩE, and ΩE/4 experiments, the two solid contours
delimit 75% and 50% of the maximum. For the ΩE/16 and ΩE/64 experiments, the 25% contour is also shown. The dashed
contours show ‘−1×’ the solid contours. As the contour levels are percentages of the maximum value for Ψ, they vary between
panels.
As in the axisymmetric experiments, the sub-tropical
jet velocity in the 3D experiments increases up until
Ω = ΩE/16, before decreasing. At all rotation rates
shown (with the exception of 4ΩE), the maximum
sub-tropical jet velocity in the 3D experiments is less
than that in the axisymmetric experiments. At low
rotation rates, the sub-tropical jets are decelerated by
the equatorial disturbances which converge momentum
to the equator, and at high rotation rates, the Rossby
waves that accelerate the eddy-driven jets dissipate
on the poleward flanks of the sub-tropical jets and
decelerate the flow there.
We note that the rotation rate dependence of u and Ψ
described in this section is broadly consistent with that
presented in previous works [e.g., Kaspi and Showman
(2015), Wang et al. (2018), and Colyer and Vallis
(2019)].
5.2 Local super-rotation index
Figure 3 presents the local super-rotation index s for
the same set of experiments shown in Figure 2, and Ψ
is once again overlaid for reference.
We begin by briefly commenting on the axisymmetric
experiments. The action of the Hadley cell to fill the
atmosphere with air equilibrated with the equatorial
surface (e.g. as illustrated in Figure 1) is made clearly
visible by the white region where s ≈ 0 in each of the
panels. This region grows in meridional extent as the
Hadley cell expands when Ω is reduced. Local super-
rotation (s > 0) is not present in any of the axisymmetric
experiments, in accordance with Hide’s theorem.
In the rapidly rotating 3D experiments (Ω ≥ ΩE)
local super-rotation is also absent. This is because
although non-axisymmetric disturbances are present in
the atmosphere (as evidenced by the presence of eddy
driven jets in the u wind fields), they act to transport
angular momentum down its local gradient. At high
rotation rate, s in the 3D experiments is very similar to
that in the axisymmetric experiments. This is largely
because the ‘windy’ (u × a cos ϑ) contribution to m
from the eddy-driven jets is small with respect to the
contribution to m from the background rotation of the
planet (Ωa2 cos2 ϑ).
Once the rotation rate is reduced to ΩE/4, local
super-rotation maximal at the equator emerges. This
indicates that non-axisymmetric disturbances which
induce up-gradient transport of m are now present. It is
of interest to note that whilst sub-tropical and equatorial
zonal velocities in the ΩE/4 and ΩE/16 experiments are
similar (Figure 2), the maximum local super-rotation
relative to the underlying planet is much weaker in
the ΩE/4 experiment, when compared with the ΩE/16
experiment. The equatorial zonal wind velocity in the
ΩE/16 experiment appears much greater than that in
the ΩE/64 experiment, however the maximum local
super-rotation is similar in the two experiments.
In each of the simulations where local super-rotation
is present, s is only significantly positive in the region
above the Hadley circulation. This is because within
the Hadley cell, air ascending at the equator acts to
communicate the effects of friction at the surface to the
atmosphere aloft (i.e. it is advecting air with s = 0).
This decelerates any zonal flow that forms on or near
the equator within the Hadley Cell.
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Figure 3: Local super-rotation index, s. As in Figure 2, the red label and contours show the meridional mass streamfunction Ψ
(see Figure 2 caption for details). All experiments shown were run with T127 horizontal resolution.
6 Dependence of global super-rotation on rotation
rate
We now turn our discussion towards the dependence
of the global super-rotation index S on planetary rotation
rate Ω. Figure 4 shows S vs. R for each of the
experiments run for this work. We choose to present
S as a function of R instead of Ω in order to make a
cleaner comparison between our numerical experiments,
and estimates of S for the real planets (Venus, Titan,
Mars, the Earth). This is necessary as the real planets
are of different sizes, in addition to having different
rotation rates, and these parameters can be of similar
dynamical importance [see Mitchell and Vallis (2010)
and Dias Pinto and Mitchell (2014)]. The values used
to estimate R for our numerical experiments and the
real planets are provided in Table 1.
The axisymmetric and 3D experiments reveal a simi-
lar dependency for S onR. At lowR (high rotation rate),
S increases with decreasing Ω. Global super-rotation in
the axisymmetric experiments (Sax) appears to scale in-
versely with Ω2; this may be inferred by comparing the
black dashed line (Ω−2) with the solid purple line (Sax).
At high R (low rotation rate), Sax appears to saturate
around a value S ≈ 0.3− 0.5. These high- and low-
rotation rate scalings appear to correspond with those
identified by Read (1986a) in a quasi-axisymmetric
model of a cylindrical fluid annulus, and Yamamoto
et al. (2009) in a quasi-axisymmetric Boussinesq model
on a sphere (when up-gradient diffusive transport of
angular momentum is small).
The values taken by S in the 3D experiments (S3D)
appear to be perturbations about Sax. In the rapidly
rotating regime, S3D is lower than Sax, while in the slowly
rotating regime, S3D is greater than Sax. The excess
global super-rotation achieved by the 3D experiments
in the slowly rotating regime is indicative of the local
super-rotation in these experiments, which could be
interpreted as being superimposed on the underlying
axisymmetric circulation (Figure 3).
Estimates of S for the Earth, Mars, Venus, and Titan
[taken from Read and Lebonnois (2018)] are shown
as orange dots in Figure 4. The 3D experiments with
R closest to the Earth (ΩE) and Mars (ΩE/2) obtain
values for S similar to those obtained by the two real
planets. At low rotation rate, however, experiments with
R characteristic of Venus (ΩE/128) and Titan (ΩE/16)
fail to generate global super-rotation of a similar order
of magnitude to that estimated for the real planets.
The dependence of S onR presented in Figure 4 raises
a number of questions. What processes contribute to
the scaling for S that appears in the rapidly and slowly
regimes? Why is S3D < Sax at high rotation rates, and
S3D > Sax at low rotation rates? Finally, why does
S saturate for R & 1 in our numerical experiments,
and how does the low rotation rate behaviour in our
three-dimensional experiments relate to the atmospheric
circulations of Venus and Titan? In the following three
sections of this paper, we seek to tackle these questions.
In Section 7 we will investigate how non-axisymmetric
disturbances in the 3D experiments modify the zonal
angular momentum budget from the axisymmetric case,
leading to the modification of S. In Section 8 we derive
a scaling for S in the axisymmetric case from the Held
Planet a Ω ∆Teq Rd R
Earth 6400 7.29 × 10−5 60 287 0.07
Mars 3396 7.09 × 10−5 60 188 0.20
Venus 6051 2.99 × 10−7 60 188 574
Titan 2575 4.56 × 10−6 10 290 21
Isca 6400 variable 60 287 variable
Table 1: Parameter values used to estimate R for Figure 4.
Units: km for a, s−1 for Ω , K for ∆Teq, J kg−1 K−1 for Rd.
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Figure 4: Global super-rotation index S vs. thermal Rossby number R. 3D experiments are shown in blue, and axisymmetric
experiments in purple. Experiments run at T42 are plotted in dark blue, and those run at T127 are plotted in light blue. The
orange dots show estimates for S for the Earth, Mars, Titan and Venus, and are taken from Read and Lebonnois (2018). The
black dashed line indicates a Ω−2 scaling.
and Hou (1980) model. In Section 9 we discuss the
estimates of global super-rotation for the Solar System
atmospheres in the context of our idealised numerical
experiments, axisymmetric theory, and an alternative
theory proposed by Yamamoto and Yoden (2013) for
atmospheres with large up-gradient transport of angular
momentum.
7 Eddy effects on global super-rotation
In this section, we would like to understand the cause
of differences in the value of S achieved by the 3D and ax-
isymmetric experiments. To do so, we will appeal to the
Gierasch–Rossow–Williams mechanism [after Gierasch
(1975) and Rossow and Williams (1979)]. Specifically,
we would like to understand why S3D > Sax in the
slowly rotating regime. Quantitative analysis in this
section will make use of the T127 ΩE/16 experiment.
A comment about the rapidly rotating regime where
Sax > S3D will be made at the end of the section.
7.1 Description of the model spin-up phase
Each of the numerical experiments studied in this
work is initiated at rest, that is with u = 0 everywhere,
corresponding to S = 0. The value for S obtained by
each experiment in equilibrium is a measure of the total
zonal angular momentum injected into the atmosphere
during spin-up.
Figure 5 shows S as a function of time for the first 360
days of the 3D and axisymmetric ΩE/16 experiments.
For the first 150 days of model run time, S in the
3D and axisymmetric cases is essentially the same.
During this period, the 3D experiment goes through an
‘axisymmetric phase’ duringwhich the zonally-averaged
circulations in the 3D and axisymmetric experiments
are indistinguishable. This is shown in Figure 6 which
presents u and Ψ averaged over days 0-90 and 270-360
for the 2D and 3D ΩE/16 experiments.
After the axisymmetric phase, non-axisymmetric
disturbances emerge in the 3D experiment which act
to flux angular momentum up its local gradient. This
leads to the emergence of local super-rotation (see
Figure 6, days 270-360), and correspondingly S3D and
0 50 100 150 200 250 300 350
Time / days
0.0
0.1
0.2
0.3
0.4
0.5
S
Axisymmetric
3D
3D smax
Figure 5: S vs. t for the first 360 days of the ΩE/16 exper-
iments. The blue curve shows the 3D experiment and the
purple curve shows the axisymmetric experiment. max(s) is
shown for the 3D experiment as a dashed curve.
8
Dependence of super-rotation on rotation rate
447
Axisymmetric
2.5
5.0
7.5
p
/h
Pa
455
3D
# /  
431
# /  
2.5
5.0
7.5
p
/h
Pa
445
 28 0 28
u / m s 1
days 0-90
days 270-360
Figure 6: u andΨ shown for the 3D and axisymmetric ΩE/16
experiments during spin-up. The top row is averaged over
days 0-90, the bottom row is averaged over days 270-360.
The meaning of the contours for Ψ is as in Figure 2. The
data shown is from experiments run with T127 horizontal
resolution.
Equator
E`sd`df
Pole
E
P
Figure 7: Schematic of a meridional cell, after Gierasch
(1975). If the upward flux ofm, E is greater than the downward
flux, P, the cell produces a net upward vertical flux of m.
Sax diverge. The maximum local super-rotation index
in the 3D experiment is shown as a blue dashed line in
Figure 5.
7.2 Net upward transport of angular momentum by
the Hadley circulation
When the numerical experiments are begun, heating
over the equator and cooling in polar regions leads to
the establishment of a Hadley circulation. Air, initially
at rest, moves towards the equator in the surface branch;
if this air conserves its angular momentum, then it will
acquire negative zonal velocity. This air with u < 0
then experiences frictional drag, which acts to return
the air towards u = 0. As the equatorward moving
flow initially has u < 0, this corresponds to an injection
of positive u, or m into the atmosphere. Air with
m = Ωa2 (the equatorial value for m when u = 0) is
then transported upward and poleward by the angular
momentum conserving overturning circulation until the
entire free atmosphere is filled with air with m = Ωa2.
In the axisymmetric case, once an atmosphere with
m = Ωa2 everywhere is established, S can no longer
increase. This is because there is no longer an exchange
of angular momentum across the boundary between the
free atmosphere and the boundary layer (e.g. air leaving
and entering the boundary layer has m = Ωa2).
In the 3D experiment, however, the emergence of
non-axisymmetric disturbances which flux momentum
equatorward can modify the angular momentum budget
within the Hadley circulation, so as to allow it to further
extract angular momentum from the planetary boundary
layer.
Analysis of wave-mean flow interaction is most
clearly performed using the transformed Eulerian mean
(TEM) formulation of the zonal mean momentum equa-
tion (Andrews and McIntyre, 1976, 1978). Within this
formulation, the zonal mean zonal angular momentum
equation (6) is re-written
∂m
∂t
+ v ∗ · ∇m = ∇ · F, (17)
where
F =
{
F ′ϑ, F
′
p
}
=
{
−m′v ′ + ψ ∂m
∂p
, −m′ω′ − ψ
a
∂m
∂ϑ
}
(18)
is the Eliassen-Palm flux [EP flux, after Eliassen and
Palm (1961)], with
ψ = v ′θ ′
/
∂θ
∂p
, (19)
and v ∗ = (0, v∗, ω∗) is a residual circulation, defined by
v∗ ≡ v − ∂ψ
∂p
, ω∗ ≡ ω + 1
a cos ϑ
∂ (ψ cos ϑ)
∂ϑ
. (20)
The residual circulation v ∗ describes the component
of the conventional Eulerian mean circulation whose
contribution to temperature change is not cancelled by
eddy heat flux divergence (Holton, 2004, Chapter 10).
The residual circulation approximates that driven by
diabatic heating, and thus more closely resembles the
Lagrangian mean meridional mass flow than the con-
ventional Eulerian mean meridional circulation (Holton,
2004; Vallis, 2017, both Chapter 10). The EP flux
divergence ∇ · F describes the total wave induced force
on the zonally-averaged zonal flow.
Figure 7 presents a schematic of a meridional over-
turning cell; upward transport of m in the ascending
branch of the circulation is symbolised by E, and down-
ward transport in the descending branch by P. Figure 8
and Figure 9 show plots of the total vertical momentum
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Figure 8: Meridionally averaged zonal mean zonal angular momentum tendency dm/dt (blue) and total vertical momentum
flux by the residual circulation 〈Fp〉ϑ = g−1
∫
ω∗m a2 cos ϑ dϑ (orange) for the ΩE/16 experiments. Solid lines are for the 3D
experiment, dashed lines are for the axisymmetric experiment.
flux by the mean flow3
〈Fp〉ϑ = g−1
∫ pi
2
− pi2
ω∗m a2 cos ϑ dϑ, (21)
and the total meridional momentum flux associated with
waves
〈F ′ϑ〉p = 2pia cos ϑ
∫ 0
ps
F ′ϑ dp/g, (22)
respectively. ω∗ is the residual pressure vertical velocity
defined by (20), and F ′ϑ is the horizontal component of
the EP flux defined by (18). 〈Fp〉ϑ and 〈F ′ϑ〉p are shown
averaged over various periods of the spin-up phase of
the ΩE/16 experiment. Solid lines present data from
the 3D experiment, and dashed lines present data from
the axisymmetric experiment. Blue lines show dm/dt.
During the axisymmetric phase, horizontal eddy an-
gular momentum fluxes are small in the 3D experiment
(Figure 9, days 0-180), and the vertical flux of m due to
the overturning circulation in the 3D and axisymmetric
experiments is virtually identical (Figure 8, days 0-180);
consequently, dm/dt in the free atmospheres of the
two experiments is very similar during this period. At
the end of the axisymmetric spin-up phase, E=P, and
there is no net vertical transport of m by the Hadley
3This expression may be obtained by noting that the TEM zonal
angular momentum budget (17) may be written
∂m
∂t
+ ∇ · (v∗m) = ∇ · F
by making use of the fact that the residual circulation is divergence
free. Acceleration of the zonal mean flow in the free atmosphere is
then due to a balance between convergence and divergence of fluxes
of m by the residual mean circulation (v∗m) and due to wave induced
forces (F ).
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Figure 9: Vertically averaged dm/dt (blue) and total mer-
dional momentum flux due to wave induced forces 〈F ′
ϑ
〉p =
2pia cos ϑ
∫
F ′
ϑ
dp/g (orange) for the ΩE/16 experiments.
Solid lines are for the 3D experiment, dashed lines are for the
axisymmetric experiment.
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circulation. This is evident in Figure 8, which shows
〈Fp〉ϑ (the dashed orange curve) vanishing in the free
atmosphere of the axisymmetric experiment after day
180.
When non-axisymmetric disturbances fluxm towards
the equator, the downward transport of m by the Hadley
circulation, P in Figure 7 will be reduced, but E will
remain at its original value (the rising air is still equi-
librated with the underlying equatorial surface). For
as long as P<E, the net vertical transport of m by the
Hadley circulation will be upward, thus allowing S in
the 3D experiment to increase beyond that achieved in
the axisymmetric experiment. Equatorward fluxes of
m due to wave induced forces in the 3D experiment
become large during the period spanning days 180-360
(Figure 9), and consequently the vertical flux of m due
to the residual mean circulation remains substantial in
the 3D experiment during this period, contrasting the
axisymmetric experiment where it has vanished (Fig-
ure 8). At some point, air leaving the equator in the
poleward branch will have sufficiently largem that, after
some angular momentum is returned to the equator via
horizontal eddy transport, P will balance E once more.
The system may also equilibriate if a downward verti-
cal eddy angular momentum transport is established
which balances upward transport by the mean flow. The
equilibrated system has S3D > Sax.
This mechanism for extracting angular momentum
from the planetary surface and depositing it in the atmo-
sphere was first proposed and demonstrated by Gierasch
(1975), and is often referred to as the Gierasch–Rossow–
Williams mechanism. Gierasch did not speculate on
the nature of the non-axisymmetric disturbances which
might induce substantial up-gradient eddy angular mo-
mentum transport, and instead parametrised eddy an-
gular momentum transport with strong horizontal diffu-
sion of angular velocity. Rossow and Williams (1979)
later proposed that equatorward momentum transport
induced by equatorial waves, generated by barotropic in-
stability, could provide a realistic source of up-gradient
transport. Recently it has been demonstrated that at low
rotation rate, a planetary-scale barotropic, ageostrophic
instability generates equatorial waves which can induce
up-gradient angular momentum transport (Wang and
Mitchell, 2014; Zurita-Gotor and Held, 2018).
7.3 Reverse argument for rapidly rotating experiments
The previous subsection has described how S3D may
become larger than Sax for experiments run at low rota-
tion rate. We have suggested that the establishment of
up-gradient eddy angular momentum transport after an
axisymmetric spin-up phase allows the Hadley circula-
tion to achieve additional net upward vertical transport
of angular momentum before the flow equilibritates.
In principle, the same argument may be applied in
reverse for the rapidly rotating experiments to explain
why Sax > S3D (Figure 4). In the rapidly rotating
three-dimensional experiments, the zonal flow in the
sub-tropical (Hadley cell) region is decelerated by dis-
sipating Rossby waves at the expense of acceleration in
the mid-laitudes. This constitutes a down-gradient wave
induced flux of angular momentum within the Hadley
cell region (angular momentum is fluxed poleward).
Returning to Figure 7, this will make the downward
flux P greater than the upward flux E, and so the net
effect of the overturning circulation during this phase
will be to remove zonal angular momentum from the
free atmosphere. As a result, S3D will be less than
Sax. In this scenario, the flow equilibrates when a net
upward vertical eddy momentum transport balances the
net downward transport by the mean flow within the
overturning region.
8 Scaling for global super-rotation in axisymmet-
ric atmospheres
In this section, we will develop a scaling theory for
S, for the case of an axisymmetric, inviscid atmosphere.
Then, in Section 9, we will use the theory to interpret
the high and low rotation rate behaviour of S exhibited
in our numerical experiments.
8.1 The Held–Hou Model
Held and Hou (1980, hereafter HH) present an an-
alytic model for the circulation of an axisymmetric,
inviscid atmosphere, derived from the Boussinesq hy-
drostatic primitive equations on a sphere. We will use
the HH model to derive a scaling for S in terms of the
external thermal Rossby number R.
The HH model consists of essentially two layers, a
lower layer with u ≈ 0, and an upper layer (the free
atmosphere) where u (ϑ, z) , 0 and is in gradient wind
balance with the model temperature field
∂
∂z
(
f u +
u2 tan ϑ
a
)
= − g
aθ0
∂θ
∂ϑ
, (23)
where g is the acceleration due to gravity, θ0 is the mean
surface temperature, and θ is the potential temperature.
The advective term which would appear on the left-
hand-side of (23) is assumed to be small and has been
omitted. The atmospheric circulation is forced by a
linear relaxation to a radiative-convective equilibrium
potential temperature field θeq
θeq
θ0
= 1 − 2
3
∆hP2 (sin ϑ) + ∆v
(
z
H
− 1
2
)
(24)
where θ0∆h is the equator-to-pole surface temperature
difference, and P2(x) = (3x2 − 1)/2 is the second
Legendre polynomial.
(23) and (24) may be vertically integrated to yield
f u +
u2 tan ϑ
a
= − gH
aθ0
∂θ
∂ϑ
(25)
at z = H, and
θeq = θ0
[
1 − 2
3
∆hP2(sin ϑ)
]
, (26)
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where an overline denotes a vertical average H−1
∫ H
0 dz,
and H is the domain height.
In the free atmosphere, the circulation is divided
into two regions: a tropical (or Hadley cell) region,
and an extra-tropical region (as in Figure 1). In the
extra-tropical region, v = 0, so u is determined through
gradient wind balance by the radiative-convective equi-
librium temperature field [i.e. θ = θeq in (23)], and
takes the form
uET = Ωa cos ϑ
(√
2R z
H
+ 1 − 1
)
, (27)
where R ≡ (∆hgH)/(Ωa)2 is the analogue of (8) for the
Boussinesq equations [see Appendix A of Colyer and
Vallis (2019) for a discussion regarding the correspon-
dence betweenR in the Boussinesq and non-Boussinesq
primitive equations].
In the Hadley cell region, u is determined by conser-
vation of specific axial angular momentum m. Air is
assumed to rise at the equator with u = 0, and u depends
on ϑ as
uHC =
Ωa sin2 ϑ
cos ϑ
. (28)
The vertically averaged potential temperature field in the
Hadley cell region is then determined to be in gradient
wind balance with uHC [i.e. u = uHC in (25)]:
θ(0) − θ
θ0
=
u2HC
2gH
. (29)
HH then solve for the Hadley cell boundary latitude
ϑH by enforcing two matching conditions:
θ
(
ϑ+H
)
= θ
(
ϑ−H
)
, (30)
and ∫ ϑH
0
θ cos ϑ dϑ =
∫ ϑH
0
θeq cos ϑ dϑ. (31)
(30) requires that potential temperature be continuous
across the Hadley cell boundary, and (31) requires that
the Hadley cell is energetically closed.
If (26) and (29) are substituted into (31), then (30)
and (31) may be used to derive the following expression
R = 3
4
[
1
3
+
1
x2H
+
x2H
1 − x2H
− 1
2x3H
ln
(
1 + xH
1 − xH
)]
(32)
where xH = sin ϑH, which may be solved numerically
for ϑH givenR (defined in terms of external parameters).
8.2 Expression for S
In order to relate S toR, we will make use of the zonal
velocity profiles found for the tropical and extra-tropical
regions of the HH model. We will assume
u =
{
uHC, ϑ ∈ [0, ϑH],
uE, ϑ ∈ (ϑH, pi/2]. (33)
uHC is given by (28) for all p/ps < 0.8 (i.e., in the
free atmosphere), and uHC = 0 in the boundary layer.
By assuming that uHC is independent of z in the free
atmosphere, we are assuming that ∂θ/∂ϑ→ 0 within
the Hadley cell. uET is given by (27) through the depth
of the atmosphere.
The definition of S may be re-written
S =
∫
ρa cos ϑ u dV∫
ρΩa2 cos2 ϑ dV
, (34)
as the −1 in (1) cancels with the planetary (Ωa2 cos2 ϑ)
contribution to m in the numerator. S may then be
split into contributions from the Hadley cell and extra-
tropical regions
S = SHC + SET (35)
where
SHC =
∫ 0
4
5 ps
∫ ϑHC
0 uHC cos
2 ϑ dϑ dp/g∫ 0
ps
∫ pi
2
0 Ωa cos
3 ϑ dϑ dp/g
, (36)
and,
SET =
∫ H
0
∫ pi
2
ϑHC
uE cos2 ϑ dϑ ρ0dz∫ H
0
∫ pi
2
0 Ωa cos
3 ϑ dϑ ρ0dz
. (37)
Note that in the Boussinesq framework, ρ = ρ0 is a
constant reference density, and we have used hydrostatic
equilibrium dp = −gρ0dz to write (36) as an integration
over pressure. The integration
∫
dλ in each expression
cancels between the numerator and denominator due to
axisymmetry, and is omitted.
(36) and (37) may then be evaluated analytically
using (28) and (27) to obtain
S = SHC + SET
=
2
5
sin3 ϑH + (38)
1
12
[
(2R + 1) 32 − 1
2R −
3
2
]
(8 − 9 sin ϑH − sin 3ϑH) .
As ϑH depends only on R [obtained by solving (32)], S
is now determined solely by R.
8.3 Comparison between theoretical S and simulation
results
S predicted by (38) is plotted against R in Figure 10.
The values for S calculated for the axisymmetric nu-
merical experiments are also shown, and there is good
agreement between the theoretical prediction for S and
the numerical experiments in both the high and low
rotation rate limits.
(38) is comprised of two terms, one that measures
the contribution to S from the Hadley cell region (SHC),
and one that measures the contribution from the extra-
tropical region (SET). These are shown in Figure 10
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Figure 10: Theoretical prediction for S from (38) vs. R for the case of an axisymmetric atmosphere (solid red curve). Also
shown are the contributions to the theoretical S from the Hadley cell and extra-tropical regions, SHC and SET. The purple line
shows S for the axisymmetric numerical experiments.
as a dashed and dotted curve, respectively. At high
rotation rates, the extra-tropical term dominates the total
value of S, as in this regime the Hadley Cell is small
and the ‘extra-tropics’ essentially comprise the whole
atmosphere. At low rotation rates, the contribution to
S from the Hadley cell dominates, as the Hadley cell
expands to fill the domain.
The transition between the extra-tropical and Hadley-
cell dominated regimes occurs when the first and second
terms in (38) are equal. This occurs when R = 0.11,
corresponding to a Hadley cell latitude ϑH = 22.8◦.
9 Regimes of global super-rotation
In this section we will discuss different scaling
regimes for global super-rotation. Figure 11 compiles
the information shown in Figure 4 and Figure 10. Values
for S estimated for the real planets, calculated from our
axisymmetric and three-dimensional experiments, and
predicted by the axisymmetric theory are shown. Theo-
retical predictions for S in the R  1 regime proposed
by Yamamoto and Yoden (2013, discussed later in this
section) are also presented.
9.1 Geostrophic regime (R  1)
It is instructive to consider the behaviour of the
axisymmetric theory in the limits R  1 and R  1.
When R  1 (rapid rotation)
(2R + 1) 32 − 1
2R =
3
2
+
3R
4
+ . . . , (39)
(via Taylor expansion) so that
(2R + 1) 32 − 1
2R −
3
2
≈ 3R
4
. (40)
Additionally ϑH → 0, meaning that sin ϑH, sin 3ϑH,
and sin3 ϑH → 0. We then have
S ≈ 1
2
R . (41)
In the rapidly rotating regime, S is dominated by the
extra-tropical region (as the Hadley Cell is small), and
(41) predicts that S scales linearly with R, which corre-
sponds to a Ω−2 scaling with rotation rate.
The R dependence in (38) comes from the expression
for uET, (27), which originally derives from enforc-
ing gradient wind balance in the extra-tropical region
with the radiative-convective equilibrium forcing profile.
This tells us that the S ∝ Ω−2 scaling in the rapidly
rotating regime is simply that implied by geostropic
thermal wind balance. If we write u∼U, f ∼Ω, and
∂θ/∂ϑ∼∆θ, then the gradient wind equation (25) is
approximately
ΩU ± U
2
a
∼ gH∆θ
aθ0
. (42)
If we assume S ∼U/(Ωa), then in the rapidly rotating
regime where ΩU  U2/a (i.e., geostrophic balance
holds), and ∆θ/θ0 → ∆h,
U ∼ gH∆h
Ωa
; S ∼ R. (43)
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Figure 11: S vs. R calculated from numerical experiments (solid curves) and theoretical predictions (dashed curves). 3D
experiments are shown in blue, and axisymmetric experiments in purple (see Figure 4 caption for details). The orange dots
show estimates for S for the Earth, Mars, Titan and Venus taken from Read and Lebonnois (2018). The red dashed curve shows
S predicted by the axisymmetric theory (38). The grey dashed curves show S predicted by the quasi-axisymmetric theory (50)
of Yamamoto and Yoden (2013), where the parameter values for A are shown in the legend (see text for definition).
Thus, we refer to the rapidly rotating regime as the
geostrophic regime.
In the rapidly rotating (small R) regime, non-
axisymmetric disturbances have a limited effect on
the zonal angular momentum budget in the 3D exper-
iments, and the difference in S between the 3D and
axisymmetric experiments is small. This means that
the axisymmetric theory (38) closely estimates S not
only for the axisymmetric experiments, but also for the
3D experiments.
The values for S estimated for the Earth and Mars by
Read and Lebonnois (2018), SE = 0.014 and SM = 0.04,
are close to those obtained in the 3D numerical experi-
ments, and both planets appear to lie in the geostrophic
regime identified by the axisymmetric theory. This is
certainly the case for the Earth, but forMars we note that
its external Rossby number RM = 0.19 is slightly larger
than the critical R = 0.11 where the Hadley cell and
extra-tropical terms contributing to S in (38) become of
comparable size.
9.2 Angular momentum conserving regime (R 
1, axisymmetric or nearly axisymmetric inviscid
flow)
When R  1 (slow rotation) then ϑH → pi/2, so that
sin ϑH and sin3 ϑH → 1, while sin 3ϑH → −1. In this
scenario, the axisymmetric theory approaches
S ≈ 2
5
= const. (44)
The R  1 limit is the scenario where the Hadley cell
has filled the entire domain. This is qualitatively the
same as the S = 1/2 limit suggested in Section 2.2,
where the entire atmosphere has specific zonal angular
momentum m = Ωa2 due to the equilibration of air
with the equatorial surface, and conservation ofm in the
free atmosphere. The additional factor 4/5 comes from
assuming u = 0 in the boundary layer (p/ps > 0.8). If
we write u∼U once more and apply this scaling to the
definition of uHC we obtain
U ∼ Ωa; S ∼ 1 = const. (45)
S measures m relative to the planetary angular momen-
tum, and thus is constant in the slowly rotating R  1
regime. We will refer to the S = const. regime as the
angular momentum conserving regime.
The S = const. scaling may also be inferred from
the gradient wind equation. In our slowly rotating
numerical experiments, meridional heat transport by
the (global) Hadley circulation effectively eliminates
meridional temperature contrasts so that ∆θ → 0. Then
(42) implies
ΩU ∼ U
2
a
; S ∼ 1. (46)
In the 3D experiments, the effect of non-
axisymmetric disturbances on the zonal angular mo-
mentum budget becomes more pronounced when R
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is made large. Wave induced up-gradient transport of
m allows the mean meridional overturning to extract
more angular momentum from the planetary surface
than is achieved in the axisymmetric experiments, and
S3D > Sax. In spite of this, the 3D experiments remain
relatively close to the axisymmetric experiments, and
whenR is made larger still (e.g. R > 100) the difference
S3D − Sax actually appears to reduce as R is increased.
In this limit the 3D experiments approach the angular
momentum conserving regime occupied by Sax.
It is not obvious that S should stop increasing whenR
is made very large; global super-rotation much stronger
than that achieved in our 3D experiments is possible
in an atmosphere with non-axisymmetric disturbances,
as evidenced by the atmospheres of Venus and Titan.
Analysis of the barotropic eddy kintetic energy power
spectra for the 3D experiments (not shown) reveals a
spectrumpeaked at global wavenumber one for theΩE/8
and ΩE/16 experiments. At even lower rotation rates
(largerR), the power spectra become flatter, eddy kinetic
energy is more evenly distributed across scales, and
local super-rotation is accelerated by instabilities with a
zonal number greater than 1 (i.e., shorter wavelength
disturbances). It may be the case that the primary
instability responsible for accelerating super-rotation
at the equator (in the ΩE/8 and ΩE/16 experiments)
has a short-wavelength cut-off that becomes larger than
the domain size when R is increased appreciably, after
which local super-rotation is accelerated by secondary
instabilities which are less effective at inducing up-
gradient transport of m. This argument is similar to that
made to explain transition into an axisymmetric regime
in the rotating cylindrical annulus, when the “Eady
short-wavelength cut-off” for baroclinic instability is
made larger some critical size (Hide and Mason, 1975).
9.3 Cyclostrophic regime (R  1, non-axisymmetric
or viscous flow)
The degree of global super-rotation obtained in the
three-dimensional numerical experiments when R  1
is much lower than the estimates of S for Venus and
Titan calculated by Read and Lebonnois (2018).
At low rotation rate, the three-dimensional numerical
experiments reside close to the angular momentum con-
serving regime predicted by our axisymmetric theory.
This regime is consistent with a scale analysis of the
gradient wind balance equation (25) when
U  gH∆θ
Ωaθ0
. (47)
This inequality is satisfied in our numerical experiments
as∆θ→ 0within the Hadley cell, which fills the domain
at low rotation rate. If we let gH∆θ/θ0 ≈ Rd∆T , then
we may estimate the inequality (47) for Venus and
Titan. For Venus, we assume U ∼ 100ms−1. Ω and a
are set to the values given in Table 1, and ∆T = 10K
is used as the actual (i.e., not the radiative-convective
equilibrium) equator-to-pole temperature contrast. Then
Rd∆T/(Ωa) ∼ 1000ms−1 for Venus. Similarly for Titan,
U ∼ 100ms−1 and Rd∆T/(Ωa) ∼ 200ms−1. Therefore
the inequality (47) is not satisfied for either planet.
Venus and Titan may instead occupy a regime where
global super-rotation scales cyclostrophically. If we
assume ΩU  U2/a, then a scale analysis of the
gradient wind equation suggets that the local centrifugal
term balances the pressure gradient term, and (42)
becomes
U2 ∼ gH∆θ
θ0
; S ∼
√
gH∆θ/θ0
(Ωa)2 ≈
√
R . (48)
The final ‘≈’ appears by assuming∆θ/θ0 ≈ ∆h. S ∼
√R
is shown as a black dashed line in Figure 11. The
cyclostrophic scaling appears to loosely approximate
the slope ∆STV = (SV − ST)/(RV − RT), although it is
clearly steeper than ∆STV.
As S in Venus’ and Titan’s atmospheres greatly
exceeds the upper bound S = 1/2 achievable in an
axisymmetric atmosphere (see Section 2.2), substan-
tial up-gradient eddy angular momentum transports
are clearly important in generating Venus’ and Titan’s
strong global super-rotation. Our axisymmetric theory
is therefore unable to predict the correct magnitude for
S estimated for their atmospheres; in order to predict S
correctly for Venus and Titan, some parametrisation of
up-gradient eddy angular momentum transport would
need to be included in our model.
Yamamoto and Yoden (2013, hereafter YY) present
a theoretical model for a non-dimensional measure of
super-rotation strength, S′ defined as
S′ ≡ U
Ωa
, (49)
where U is a scale for the zonal velocity at the model
top. In Appendix B we show that S′ is related to S by
S′ = 4S/3 for the theoretical model presented in YY.
The model is derived from the Boussinesq primitive
equations on a sphere forced by Newtonian relaxation
(e.g., as in HH and in this work), in the presence of
diffusion of angular velocity. The diffusion terms are
formulated in analogy with molecular viscosity, and can
transport angular momentum up-gradient (Read, 1986b).
There is no heat transport associated with the diffusion
parametrisation. In order to obtain an expression for
S′ in terms of external parameters, YY assume that the
relaxation time for horizontal diffusion is much shorter
than (i) the turnover time of the meridional circulation,
and (ii) the relaxation time for vertical diffusion. As
horizontal diffusion is assumed to be large, YY set
the zonal velocity at the model top to take the form of
solid-body rotation, u ∝ cos ϑ. It has been shown that
(Yamamoto et al., 2009) meridional overturning takes
the form of a single equator-to-pole Hadley cell in the
presence of large horizontal diffusion, which motivates
YY to set v ∝ ± sin 2ϑ at the top (+) and bottom (−) of
the domain. The assumptions (i) and (ii) mean that the
YY theory does not have an inviscid limit.
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Under the assumptions described in the previous
paragraph, YY derive a theoretical relationship between
S′ = 4S/3, and external parameters A, B and R,[
S′2 + 2S′ + BS′
(
2 + S′
1 + S′
)] [
AS′
2
(
2 + S′
1 + S′
)
+ 1
]
= 2R,
(50)
where R is the same as in our axisymmetric the-
ory, A = pi2τ/τV is proportional to the ratio of the
radiative relaxation time τ to the timescale for ver-
tical eddy momentum diffusion τV ≡ H2/νV, and
B = 20pi2
(
Ω−1/√τHτV
)2 is proportional to the square
of the ratio between the planetary rotation period and
the geometric mean of the timescales for horizontal and
vertical eddy momentum diffusion, τH ≡ a2/νH and τV.
S = 3S′/4 predicted by (50) is shown in Figure 11
as a series of grey dashed curves (different curves
correspond to different values for A) plotted against R.
We only show predictions for S from (50) for R > 0.1,
as when R  1 it is generally no longer appropriate to
assume up-gradient eddy angular momentum transport
(see discussion in Section 5.5 of YY). The parameter B
in (50) is only important in determining the behaviour
of S′ at low and intermediate R (high and intermediate
rotation rate), and has no affect on theR  1 asymptote.
If B  1, then the geostrophic scaling for S at low
R is replaced by a scaling determined by ‘horizontal
diffusion balance’ between the horizontal diffusion and
pressure gradient terms in the horizontal momentum
equations. For all of the grey YY curves shown in
Figure 11 we choose B = 0.3. B < 1 puts the curves
in the geostrophic regime occupied by our numerical
experiments, the Earth, and Mars, and the specific value
0.3 is chosen so that the YY theory curves join up with
our axisymmetric theory at approximately R = 0.1.
The values for A shown in Figure 11 are chosen to
be in the ‘correct’ ballpark for Venus and Titan (see
Section 5.5 of YY), and multiple values are only shown
to demonstrate the dependence of S′ on A. A is made
larger when the coefficient for vertical eddy momentum
diffusion (which transports angular momentum down-
gradient) is made larger, and increasing A weakens the
super-rotation strength.
YY show that for intermediate values for R, such
that 1 < R < 10, S′ scales with √2R ∝ Ω−1, and that
this may be interpreted as either (i) a cyclostrophic
scaling similar to (48), where the equilibrium ∆T is
close to the radiative-convective equilibirum ∆Teq, or
(ii) a modified-geostrophic scaling where ∆T is sig-
nificantly reduced with respect to ∆Teq, which causes
the gesotrophic scaling to change from ∼R to ∼√R.
Regime (i) corresponds to A 1, while (ii) corresponds
to A 1. For large R > 10, a third (iii) regime exists
where S′ scales with R1/3 ∝ Ω−2/3. This is a modified-
cyclostrophic regime. The R1/3 scaling differs from our√R estimate (48) as ∆T is significantly reduced with
respect to ∆Teq, and so
√
gH∆θ/(θ1/20 Ωa)2 0
√R.
Inspection of Figure 11 hints at the possibility that
the ΩE/8 and ΩE/16 3D experiments (particularly at
T42 resolution) enter either the modified-geostrophic
or cyclostrophic regime, before the primary instability
accelerating super-rotation collapses as the rotation rate
is reduced further. Titan may occupy any of the three
regimes; acknowledging uncertainty in our estimates
for ST and RT, however, we cannot be specific about
whether Titan occupies regime (i), (ii) or (iii). YY
estimate A = 101 − 102 for Titan, which would place it
in the geostrophic regime (ii) if R is O(10). To obtain
this estimate, however, they ‘guess’ Ev = νv/(ΩH2) =
10−3, which is poorly constrained as νV parametrises
the effect of non-axisymmetric disturbances for which
observations are sparse. If our estimate for RT is an
underestimate, then Titan may actually occupy regime
(iii). Venus’ atmospheric circulation likely occupies
regime (iii).
As the region 1 < R < 10 is a small component of
the parameter space we consider in this work, for the
remainder of this manuscript we will refer to the set
of regimes identified by YY in the R  1 limit as the
cyclostrophic regime.
9.4 A ‘default’ regime for slowly rotating planets?
The emergence of strong super-rotation is often asso-
caitedwith lowplanetary rotation rate, ormore generally,
large R. This is partly due to the existence of strong
global super-rotation in the atmospheres of Venus and
Titan, and additionally because local super-rotation has
been shown to emerge in idealised ‘Earth-like’ numer-
ical models when R is made large [e.g. Mitchell and
Vallis (2010)]. Our numerical experiments have shown,
however, that the degree of global super-rotation in an
Earth-like atmosphere may saturate before reaching a
strength comparable to that in Venus’ and Titan’s atmo-
spheres. In this scenario, the atmospheric circulation
enters an angular momentum conserving regime, as
opposed to the cyclostrophic regime occupied by Venus
and Titan. This motivates the question: which regime
is typical of a slowly rotating planet?
In our numerical experiments, the atmospheric cir-
culation is forced by a linear relaxation to a time-
independent, axisymmetric radiative-convective equi-
librium temperature profile. Our numerical model is
not configured to realistically simulate the atmosphere
of either Venus or Titan, and thus is likely missing
features specific to their atmospheres that allow them
to enter the cyclostrophic regime. For example, in the
case of Venus, strong global super-rotation is likely
maintained at least partially by the diurnal and semi-
diurnal tides excited due to its long solar day, and the
existence of substances in the atmosphere that absorb at
UV wavelengths (Sánchez-Lavega et al., 2017). In the
case of Titan, the source of strong super-rotation is less
clear, although it may be related (Williams, 2006) to
the fact that Titan’s stratosphere, where super-rotation
is strongest, is strongly statically stable (Fulchignoni
et al., 2005; Flasar and Achterberg, 2009). Neither
of these properties are represented in our numerical
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experiments.
One conclusion that may be drawn from our simu-
lation results is that super-rotation of a strength com-
parable to that of Venus and Titan cannot be induced
solely by reducing the planetary rotation rate in an at-
mospheric model forced by diabatic heating with an
Earth-like vertical structure and no diurnal cycle. We
would therefore argue that the ‘default’ regime for a
slowly rotating planet to occupy is the angular momen-
tum conserving regime, which exhibits mild global (and
local) super-rotation S ∼ 1.
9.5 Tidally-locked planets
In this work, we have not considered the atmospheres
of tidally-locked planets, which permanently present
the same fact to their host star. Theoretical work and
numerical modelling has shown that the atmospheres of
tidally-locked planets may often feature super-rotation
in their atmospheres – driven in direct response to the
stationary heating associated with their orbital configu-
ration [see Pierrehumbert and Hammond (2019) for a
review]. It would be an interesting topic for future work
to investigate how S depends on Ω in the atmospheres of
tidally-locked terrestrial planets. The up-gradient angu-
lar momentum transport associated with the stationary
heating may be sufficiently large to allow tidally-locked
planets to access the cyclostrophic scaling for S at low ro-
tation rate. The relation between S in atmospheres with
axisymmetric forcing and tidally-locked atmospheres
may be complicated, however, as the overturning circula-
tion in tidally-locked atmospheres also takes a different
form in response to the stationary heating (i.e., it can
no longer be described as an axisymmetric meridional
overturning cell).
10 Summary
We have explored the rotation rate senstivity of ter-
restrial atmospheric circulations with an idealised nu-
merical model – run in both an axisymmetric and a
three-dimensional configuration. The aim of our investi-
gation was to reveal how global super-rotation depends
on planetary rotation rate.
The atmospheric circulation in each of our experi-
ments is forced by linear relaxation to a zonally symmet-
ric radiative-convective equilibrium temperature profile,
which establishes a meridional overturning circulation.
In the axisymmetric experiments, conservation of zonal
angular momentum within the overturning circulation
leads to the generation of sub-tropical zonal jets. As
there is no mechanism for up-gradient angular momen-
tum transport in an axisymmetric, inviscid atmosphere
(Hide, 1969), local super-rotation is not present in any of
the axisymmetric experiments. In the three-dimensional
experiments, the atmospheric circulation is modified by
eddy induced fluxes of heat and angular momentum. At
rapid rotation rates, this leads to the generation of mid-
latitude eddy-driven jets poleward of the sub-tropical
jets associated with angular momentum conservation in
the Hadley circulation. At slow rotation rates, eddies
induce up-gradient angular momentum fluxes within
the sub-tropical region, leading to the generation of
local super-rotation.
For each of our experiments we have calculated the
global super-rotation index S which compares the total
axial angular momentum of an atmosphere with that
achieved by solid-body co-rotation with the underlying
planet. At high rotation rate, our experiments occupy a
geostrophic regime, where S ∼R ∝ Ω−2. At low rota-
tion rate, our experiments enter an angular momentum
conserving regime, where S = const. Both of these
regimes are captured by an axisymmetric theoretical
model for S derived from the HHmodel, and the scaling
for S in each regime can also be obtained by conducting
a scale analysis on the thermal wind equation.
We note that S achieved by our three-dimensional
experiments remains close to that in the axisymmetric
experiments, with some differences in detail. At high
rotation rate, S3D < Sax, and at low rotation rate S3D >
Sax. We show that S3D is greater than Sax at low rotation
rate because non-axisymmetric disturbances allow for
enhanced upward transport of angular momentum by
the mean overtuning circulation during the model spin-
up phase. We suggest that the same argument may be
applied in reverse to explain why S3D < Sax at high
rotation rate.
Estimates of S for the Earth and Mars agree closely
with those calculated from our numerical experiments.
We conclude that the Earth’s atmosphere is in the
geostrophic regime, and Mars’ atmosphere sits at the
transition between the geostrophic and angular momen-
tum conserving regimes. The atmospheres of Venus and
Titan exhibit global super-rotation far stronger than that
achieved by our numerical experiments and predicted
by our axisymmetric theory. We find that the quasi-
axisymmetric theory for S presented in Yamamoto and
Yoden (2013, YY) is able to better predict the value
for S estimated for their atmospheres. Venus’ atmo-
sphere resides within a modified-cyclostrophic regime
where S ∼R1/3 ∝ Ω−2/3, and Titan’s atmosphere may
either in this regime, or a regime where S ∼R1/2 ∝ Ω−1
(modified-geostrophic or cyclostrophic).
In theYY theory, the cyclostrophic regime is accessed
by requiring that there is large horizonal eddy diffusion,
which is associated with substantial up-gradient angular
momentum transport. Simply reducing the rotation rate
in our idealised three-dimensional numerical model
is not sufficient to induce up-gradient eddy angular
momentum fluxes of the magnitude required to enter
the cyclostrophic regime. We therefore argue that the
‘default’ regime for a slowly rotating planet is the angular
momentum conserving regime, characterised by mild
global super-rotation. An important topic for future
research is to determine which planetary parameters
and processes (e.g. static stability, solar day length) are
most important in causing the atmospheric circulation
to transition between the angular momentum conserving
and cyclostrophic regimes at low rotation rate.
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A Relation between global S and local s
In the definition of S, (1), the numerator and de-
nominator of the quotient are respectively the total
atmospheric zonal angular momentum M , and the con-
tribution due to the planetary rotation, P. The other
contribution to M = P +W is due to the zonal wind:
W ≡
∫
ρua cos ϑ dV . Thus the global super-rotation
index
S =
M
P
− 1 = W
P
=
∫
ω dI∫
Ω dI
=
∫
c dI∫
dI
. (A1)
Here dI = ρa2 cos2 ϑ dV is an element of axial moment
of inertia. S is therefore a moment-of-inertia-weighted
average of c ≡ ω/Ω, where ω = u/(a cos ϑ) is the an-
gular velocity of the zonal wind around the planet’s axis.
c, or c/2, can be thought of as the local ‘cyclostrophic-
ity’ — c/2 being the ratio of the cyclostrophic to the
geostrophic term in the thermal wind equation (25). c
and S can also be thought of as internal Rossby numbers
(whereas R is an external Rossby number).
c is related to the local super-rotation index s via
m = (s + 1)Ωa2 = (c + 1)Ωa2 cos2 ϑ (A2)
and an expression analogous to (2) may be written
c =
m
Ωa2 cos2 ϑ
− 1. (A3)
c is a measure of m relative to the planetary specific
zonal angular momentum (the denominator) locally,
whereas s is relative to the value at the equator ϑ = 0.
A global super-rotation measure defined naturally in
terms of s would be
S ≡
∫
ρm dV∫
ρΩa2 dV
− 1 =
∫
sρ dV∫
ρ dV
(A4)
S is the mass-weighted average of s. Let the first
denominator here, replacing P in (1), be denoted P =
MΩa2 (whereM is the total atmospheric mass). S is
related to S via
M = (S + 1)P = (S + 1)P. (A5)
Furthermore, in the case of constant surface pressure,
P = 2P/3, and so
S[s] = (2S − 1)/3. (A6)
This equation, or more generally (A5), relates S to s via
(A4).
If s = 0 everywhere, then S = 0 and S = 1/2 (as
described in Section 2.2). S > 0 requires the existence
of processes that can generate up-gradient transfer of m.
B Relation between S and S′ for YY model
Yamamoto and Yoden (2013, YY) define their non-
dimensional measure of super-rotation strength S′ to
be
S′ ≡ U
Ωa
, (B1)
where U is a scale for the zonal velocity at the model
top. S′, like S, is an internal Rossby number.
YY define m0(z) so that
m0(z) =
∫ pi
2
0
mr (ϑ, z) cos ϑ dϑ, (B2)
where mr (ϑ, z) = u(ϑ, z)a cos ϑ is the relative compo-
nent of specific axial angular momentumm, and assume
m0(z) has the following vertical structure:
m0(z) = Ua
[
1 − cos
( piz
H
)]
/2, (B3)
where H is the height at the model top.
As YY specify a vertical structure for their model,
we may relate S′, which measures super-rotation at the
model top, to the global super-rotation index S,
S =
Ua
2
∫ H
0
[
1 − cos ( pizH ) ] dz
Ωa2H
∫ pi
2
0 cos
3 ϑ dϑ
=
3
4
S′. (B4)
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